2018 Berkeley Geometry REU Projects

Note For each of the projects described in these notes, we give the following
information. First, we give an overview of the project idea. Then we give a rough
outline of the stages of the project as we foresee them, and we give a list of the
topics and methods that will probably be inovolved. Last we rate, on a scale of 1
to 10, the projects with respect to 4 metrics.

- Technical Difficulty: This is a rating of how much theory the project will
involve. Projects where this number is low will be easy to get started on.
Projects where this number is high will require a substantial amount of back-
ground reading (which will need to be done quickly).

- Best Case Result Quality: This is a rating of how good the results of the
project will be if everything goes as well as possible. Over 7 means a journal
paper. 9 or above means you solve a known open problem.

- Guarantee Result Quality: This is a rating of how well the project is
guaranteed to go if you see it through until the end.

- Community Interest: This is a rating of how much the math community
will care about the methods and results.

Project 1: (High Systolic Ratio) Does every contact (2n—1)-manifold (Y, £) admit
a constant C'(Y, &) such that, for any contact form « on (Y, ¢), we have:

min{A(y)|y a Reeb orbit of (Y,a)} < C(Y,€) - vol(Y,a)/™ ?

The % factor is to make both sides scale the same way under the rescaling o — ca.
This was recently answered to the negative in dimension 3 by [2]. They showed that
for any contact manifold (Y, ¢) and any fixed C, there is a contact form that violates
this bound. The key tool for them was the theory of compatible open books and
some results on disk dynamics.

Project Profile: This project has three parts, of ascending difficulty. (1) Gen-
eralize the result to certain higher dimensional contact manifolds under some as-
sumptions on the binding of the contact manifold. (2) Generalize the results of [3],
where they perform a similar construction while preserving the property of dynami-
cal convexity. (3) Generalize the results to all higher dimensional contact manifolds.

Update: A paper doing (1) and (3) was published this month! See [8]. (2) is
still very worth doing, although this makes the project harder.

This project will involve using basic manifold theory, open books, contact geom-
etry and some explicit constructions in coordinates.
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Technical Difficulty: 8/10. This is a technical project relative to the others.

- Best Case Result Quality: 7/10. Journal quality paper.

Guarantee Result Quality: 8/10. Basically guaranteed to work.

- Community Interest: 7/10. Result (2) is pretty interesting.

Project 2: (Ball Of Mud Flow) Let X C R?" be a convex domain containing 0.
We can define a “ball of mud” flow on the boundary by setting:

Y, == 0X, X, :={p € R*"||p — x| < t for some z € X}

Let ¢;(Y;) denote the minimal action of a Reeb orbit on Y}, let vol(X;) denote the
volume X; in R?® and let sys(Y;) := ¢;(Y;)/ vol(X;)Y/™.

Question: Is it true that 2 (sys(Y;)) > 0 for all ¢ € R*? Can we prove this
assuming some curvature bounds on Y or that Y is C'* close to the sphere? If one
can prove thus for any Y, this would prove the Viterbo conjecture, which states
that:

sys(Yz) < (n))/"

Project Profile: Here is a possible outline of the stages of this project. (1)
Learn about Reeb dynamics on convex hypersurfaces, how to compute time deriva-
tive of sys, polytope Reeb dynamics. (2) Perform calculation of time derivative, in
general and under special assumptions. (3) If this doesn’t work, write about some
examples where it fails.

This project will involve analysis on sub-manifolds of R?", extrinsic curvature
quantities, possibly some low-regularity analysis. It has an analytical flavor.

Technical Difficulty: 6/10. Medium technical difficulty.

- Best Case Result Quality: 9/10. Possibly solve a big open problem.

Guarantee Result Quality: 3/10. Could fail to get theorem.

- Community Interest: 7/10. Depends a lot on the end result.

Project 3: (Knottedness Properties Of Reeb Orbits) What is the relationship
between the geometry of a contact manifold and the topology of Reeb orbits or
transverse knots in the contact manifold? There are many more specific variants of
this vague but interesting question. In this project, you will use a Python package
developed by Hutchings and myself (described in the forthcoming paper [6]) and the
knot theory program SnapPy to analyze the knot-theoretic properties of Reeb orbits



on the boundaries of 4d polytopes, with the goal of formulating some interesting
conjectures about these properties.

Project Profile: Here is an outline of the possible stages of this project. (1)
Learn a little about knot and link invariants. (2) Study some of the data from [6]
and try to understand formulate conjectures for the invariants. (3) Try to prove
some conjectures, or just write about data.

This program will involve programming in Python, knot theory and the theory
of classical transverse knot invariants.

Technical Difficulty: 3/10. Low technical difficulty.

- Best Case Result Quality: 8/10. Could produce interesting conjectures.

Guarantee Result Quality: 3/10. Very open ended, possibly no result.

- Community Interest: 5/10. Depends on outcome.

Project 4: (Kirby Diagram Python Package) Kirby diagrams are a type of 2-d
drawing that encodes the instructions for constructing a compact 4-manifold with
boundary. It is notoriously difficult to do complicated calculations with Kirby di-
agrams, and only a few researchers (Gompf, Akbalut) are able to use them fluidly.
Some problems, like showing that certain Kirby diagrams represent the standar
sphere (c.f. [I]), have thus only been addressable by this short list of researchers.

The goals of this project will be two-fold: first, to create a Python class for
Kirby diagrams allowing one to perform formal calculations; and, second, to explore
the possibility of applying machine learning (with, for instance, PyTorch) to train
a Python program to simplify Kirby diagrams.

Project Profile: Here is an outline of the possible stages of this project. (1)
Learn about Kirby calculus and handlebody theory. (2) Design the Python pack-
age for Kirby diagrams. I can help you get started with some seed code for Link
diagrams. (3) Learn about Pytorch and design simplification program. (4) Try to
simplify Capell-Shaneson homotopy spheres.

This program will involve programming in Python, Kirby calculus (which is
extremely cool) and some learning about basic machine learning.

- Technical Difficulty: 4/10. Low-medium technical difficulty.
- Best Case Result Quality: 8/10. Completing (1)-(4) is journal quality.

Guarantee Result Quality: 5/10. It’s possible (4) would fail.

- Community Interest: 6/10. Depends on end result.



Project 5: (Random Knots) Let K(R?) denote the (countable) set of isotopy
classes of oriented knots in R®. We now define a family of probability distributions
on KC(R?), which are functions 4 : KK(R?) — [0, 00) such that 3= s #([K]) = 1.

For each n € {3,...,00} C Z, we define pp : K(R?*) — [0,00) as so. Let
[0,1]3 be the space of ordered sets of n points in R? and let pgq : [0,1*" — RT
be the uniform distribution on [0, 1]3" (so u(p) = 1 for all p). We have a function
CD : [0,1]*" — K(R?) that sends a an n-tuple py, pa, 3, - - ., pn to the class [CD](p)
of the knot CD(p) found by “connecting the dots,” i.e. whose image is:

CD(p) = pnp1 U (U;PiDit1)

For almost all sets of points (py,...,p,) € [0,1]*", CD(p) is an actual knot (i.e,
the lines p;p;r1 don’t intersect), so [CD](p) is defined almost everywhere. For each
(K] € K(R?), let xx : [0,1]** — {0, 1} be the characteristic function that sends a
set of points p = (p1,...,ps) to 1is [CD](p) = [K] and to 0 otherwise.

We define the probability distribution pug, to be:

Wi KR = [0,00)  piip([K]) = / yen(p)d7

[071]371,

This is the pushforward distribution of pga through [CD], i.e. up = [CD]* sta-
Questions:

(a) Does the limit lim,,_,~ p¢p converge to a probability distribution?

(b) Asn — oo, does the probability distribution focus near knots with particularly
properties? For instance, are the most probable knots under p, the ones that
have genus f(n) for some function f of n? One can ask similar questions for
the Alexander polynomial, Jones polynomial, etc.

(c) If (a) is false, is there another probability distribution besides psq (or another
shape rather than the cube [0,1]?) that one can use to make this true?

Project Profile: Here is an outline of the possible stages of this project. (1)
Learn some knot theory: knot diagrams, genus, knot polynomials. (2) Do some
computer experiments. I have a knot package that already has these capabilities,
so coding might not be necessary. (3) See if one can formulate any conjectures. (4)
Try to prove the conjectures.

This program will involve basic knot theory, basic probability theory, and possi-
bly programming (depending on the interests of the participants).

- Technical Difficulty: 2/10. A very accessible project.



- Best Case Result Quality: 7/10. Journal quality if the result is cool.
- Guarantee Result Quality: 4/10. Not sure what will happen.

- Community Interest: 4/10. This is a really original project (a combination
of very different kinds of math) so there isn’t much of a community here.

Project 6: (Cylindrical Contact Homology Of Toric Domains) Filtered cylindrical
contact homology CCH=A(Y,a) is a powerful invariant of contact manifolds with
contact forms and a rich source of embedding obstructions. In particular, there is a
sequence of capacity-like quantities ¢; derived from the filtered cylindrical contact
homology satisfying an embedding monotonicity property: if X is a Liouville domain
and X’ C X is a Liouville sub-domain, then ¢ (X") < ¢ (X) for all k. These ¢;, were
constructed in [7]

Computing COH=4(Y, a) can be difficult; this project will be about calculating
it for certain toric domains.

Project Profile: The project will have several parts, of varying difficulty. (1)
Check the conjectural picture of Hutchings for the contact homology of convex
and concave toric domains. (2a) Generalize this picture to higher-dimensional toric
domains. (2b) Generalize this picture to (certain) convex domains that are neither
convex nor concave.

This project will involve using ODE methods, combinatorics and algebra. I will
participate in this project to help with the more technical aspects.

Technical Difficulty: 9/10. This project is very technical.

- Best Case Result Quality: 8/10. Journal quality.

Guarantee Result Quality: 5/10. Depends on if we complete (2a) or (2b).

- Community Interest: 8/10. There is strong interest in the contact geometry
community for results like this.

Project 7: (Contact Manifolds With Finitely Many Orbits) Let (Y, «) be a contact
(2n—1)-manifold with a non-degenerate contact form . Non-degenerate means that
if v:[0,7] = Y is a Reeb orbit with v(T") = v(0), then d®7 (0 : £&50) — &y0) has
no 1 eigenvalues. Conjecture: (Y, ) has at-least n simple closed orbits.

Several recent advances have been made towards understanding this question.
For instance, under certain topological assumptions on the contact form and in di-
mension 3, Cristofaro-Gardiner-Hutchings-Pomerleano proved that there are either
2 or infinity Reeb orbits (see [5]). In the direction of examples and possible counter-
examples, Albers-Geiges-Zehmisch (see [4]) constructed new examples of contact
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manifolds (Y, «) with finitely many Reeb orbits. In their paper, they only construct
contact manifolds with certain finite numbers of orbits. The purpose of this project
will be to extend their results by finding new examples with their construction and
answering the following question: can any finite number of Reeb orbits be achieved
via their construction? Are certain finite numbers provably impossible?

Project Profile: Here are the phases of this project. (1) Read the half of
the paper [4] to understand the construction. (2) Peruse the literature for more
examples of symplectic manifolds with Hamiltonian S' actions than the ones in [4].
This may require the use of symplectic orbifolds. (3a) Apply the construction to
these new examples to see which new orbit numbers can be achieved. (3b) Find orbit
numbers that are provably impossible (may be achievable through some homology
theory).

This project will involve using basic homology theory, Hamiltonian S! actions
and some Morse theory.

- Technical Difficulty: 7/10. This project will be pretty technical. It depends
on whether or not orbifolds become involved.

- Best Case Result Quality: 8/10. Journal quality.
- Guarantee Result Quality: 5/10. Depends on outcome of (3a) and (3b).

- Community Interest: 8/10. There is strong interest in the contact geometry
community.

Project 8: (Open Books With Special Monodromy)
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